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                        Gauss’s theorem  

           Exercise 1: 

           - Let us take as a closed surface (surface of Gauss), a cylinder of radius 𝑥 and length 𝑙 and axis the infinite   

             wire. 

            By reason of symmetry the field �⃗�  is radial (carried by 𝑜𝑥) 

Φ(�⃗� ) = Φ𝑆1
(�⃗� ) + Φ𝑆2

(�⃗� ) + Φ𝑆3
(�⃗� )                                                                                                              

               Φ(�⃗� ) = ∯ �⃗� .
 

𝑆1
𝑑𝑆1
⃗⃗ ⃗⃗ ⃗⃗  + ∯ �⃗� .

 

𝑆2
𝑑𝑆2
⃗⃗⃗⃗⃗⃗  ⃗ + ∯ �⃗� .

 

𝑆3
𝑑𝑆3
⃗⃗⃗⃗⃗⃗  ⃗    

             Field �⃗�  is perpendicular to the normal at any point on both bases 𝑆1
⃗⃗  ⃗ And 𝑆2

⃗⃗  ⃗                                                

             So: �⃗� . 𝑑𝑆1
⃗⃗ ⃗⃗ ⃗⃗  = �⃗� . 𝑑𝑆2

⃗⃗⃗⃗⃗⃗  ⃗ = 0 ⇒   Φ𝑆1
(�⃗� ) = Φ𝑆2

(�⃗� ) = 0                                                                                       

            Also, the field  �⃗�  is parallel to the normal of the lateral surface 𝑆3
⃗⃗  ⃗                                                           

            Φ𝑆3
(�⃗� ) = ∯ 𝐸.

 

𝑆3
𝑑𝑆3 = 𝐸. 𝑆3 = 𝐸. 2𝜋. 𝑥. 𝑙 

The total charge contained in the surface of Gauss is. 

 𝑄 = ∫𝑑𝑞 =  𝜆 ∫ 𝑑𝑙 = 𝜆. 𝑙 

By applying the theorem of Gauss  

 𝐸. 2𝜋. 𝑥. 𝑙 =
𝜆𝑙

𝜀0
 

             E = 
𝝀

𝟐𝝅𝒙𝜺𝟎
   

 

       V =  ∫−𝑬𝒅𝒙 =  − ∫
𝝀

𝟐𝝅𝒙𝜺𝟎
𝒅𝒙 = −

𝝀
𝟐𝝅𝜺𝟎

𝐥𝐧(𝒓) +𝒄𝒕𝒆 

 

         Exercise 2: 
Let us take as the surface of Gauss a cylinder with an axis perpendicular to the plane. Because of 

symmetry the field  �⃗�  is perpendicular to the plane (𝑃) The flow of the vector  �⃗�  emerging from the 

surface of Gauss is:                                                                                                                                                              

Φ(�⃗� ) = Φ𝑆1
(�⃗� ) + Φ𝑆2

(�⃗� ) + Φ𝑆3
(�⃗� )                                                                                                         

Φ(�⃗� ) = ∯ �⃗� .
 

𝑆1
𝑑𝑆1
⃗⃗ ⃗⃗ ⃗⃗  + ∯ �⃗� .

 

𝑆2
𝑑𝑆2
⃗⃗⃗⃗⃗⃗  ⃗ + ∯ �⃗� .

 

𝑆3
𝑑𝑆3
⃗⃗⃗⃗⃗⃗  ⃗ 

Field �⃗�  is perpendicular to the normal of the lateral surface 𝑆3 ⃗⃗⃗⃗  ⃗ ⇒ Φ𝑆3
= 0 

On the other hand, we have nothing to do with the two bases 𝑆1And 𝑆2  ,   

field �⃗�  is parallel to the normal so                                                                         

Φ(�⃗� ) = Φ𝑆1
+ Φ𝑆2

=E𝑆1 + E𝑆2 = 2𝐸𝑆1 = 2𝐸𝑆      (𝑆1 = 𝑆2 = 𝑆)  

So the charge contained in the surface of Gauss is                                                       

𝑄 = ∬ 𝑑𝑞
 

𝑠
= 𝜎 ∬ 𝑑𝑆

 

𝑠
=  𝜎𝑆    withe (𝑆1 = 𝑆2 = 𝑆)                           

We apply Gauss' theorem:  

Φ(�⃗� ) = 2𝐸𝑆 =  
𝜎𝑆

𝜀0
 ⇒ 𝐸 =  

𝜎

2𝜀0
  

 

                                                                                                                                         

 

                                                                                                                     

                                                                                                                                                           

           

 

 

 

 



 

           2) By analogy with question 1, the field 𝐸′⃗⃗  ⃗ created by the plan(𝑃′)is  

                   𝐸′ =  
𝜎

𝜀0
  

        Total Field �⃗�   resulting is then:       
                    �⃗� 𝑡𝑜𝑡 = �⃗� + �⃗� ′  

             𝐸𝑡𝑜𝑡 = √𝐸2 + 𝐸′2   

            𝐸𝑡𝑜𝑡 = √(
𝜎

2𝜀0
)2 + (

𝜎

𝜀0
)2 =

√5

2

𝜎

𝜀0
 

            𝑬𝒕𝒐𝒕 =
√𝟓

𝟐

𝝈

𝜺𝟎
  

    Exercise 3: 
       By application of Gauss's Theorem, let us calculate the electrostatic field created by a sphere with center O and radius R   

          charged with a constant volume density positive 𝜌     
        For reasons of symmetry, the vector 𝐸 is radial and has the same modulus at any point of a sphere with   center O   

           and radius r (Gaussian surface) 

           1st case r < R: 

           Φ(�⃗� ) = ∯ 𝐸1
⃗⃗⃗⃗ .

 

𝑆
𝑑𝑆⃗⃗⃗⃗  = ∯ 𝐸1 . 𝑑𝑆

 

𝑆
= 𝐸1. 𝑆 =  𝐸14π𝑟2                  

          The total charge of the sphere is  

          Q = ∭ ρdV  = ρ. ∫ 𝑑𝑉
𝑟

0
 = ρ. V 

           Q = ρ
4
3π𝑟3 

           By applying gauss’s theorem  

          𝐸14π𝑟2 =
ρ4π𝑟3

3𝜀0
  

          𝑬𝟏 = 
𝛒

𝟑𝜺𝟎
𝒓 

       2nd case r > R: 

         Φ(�⃗� ) = ∯ 𝐸2
⃗⃗⃗⃗ .

 

𝑆
𝑑𝑆⃗⃗⃗⃗  = ∯ 𝐸2 . 𝑑𝑆

 

𝑆
= 𝐸2. 𝑆 =  𝐸24π𝑟2                  

      The total charge of the sphere is  

          Q = ∭ ρdV  = ρ. ∫ 𝑑𝑉
𝑅

0
 = ρ. V 

           Q = ρ
4
3

π𝑅3 

       By applying gauss’s theorem 

          𝐸24π𝑟2 = 
ρ4π𝑅3

3𝜀0
   

          𝑬𝟐 = 
𝛒𝑹𝟑

𝟑𝜺𝟎𝒓
𝟐                 

   2) Electrical potential  

   r < R:   𝑉1 = − 
ρ𝑟2

6𝜀0
   + 𝐶1  

   r >R:   𝑉2 = 
ρ𝑅3

6𝜀0𝑟
   + 𝐶2  

    By writing the boundary conditions we have 

    𝑉2  (∞) = 0 ⇒  𝐶2 = 0                    

     𝑉1 (𝑅) = 𝑉2 (𝑅)   ⇒ 𝐶1 = 
ρ𝑅2

2𝜀0
 

 

 

 


